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Abstract.
It is shown that a free topological group on a kaspace is a ArM-space.Using this it is proved that if A" is a Ar^-group
then it is a quotient of a free topological group by a free topological
group. A corollary to this is that the projective dimension of any
Ä^-group, relative to the class of all continuous epimorphisms admitting sections, is either zero or one. In particular the projective
dimension of a connected locally compact abelian group or a compact abelian group ¡s exactly one.

1. Introduction.
In [2] Graev showed that a free topological group on
a compact Hausdorff space is a Acra-space. It was observed [6] that Graev's
proof worked not only for free topological groups but also for groups with
the maximum topology relative to a given compact set, and several
applications to free products of topological groups were obtained [8],

[9], [11], [12].
It is shown here that any group having the maximum topology with
respect to a rVro-space generating it algebraically
is itself a rVra-space. In
particular a free topological group on a ¿V^-space is a rcm-space. Thus our

result generalizes Graev's result and our proof, which relies on known
facts about íV^-spaces, is easier than Graev's—or at least less delicate.
Recently Nummela [11] showed that the projective dimension of a
compact abelian group, relative to the class of epimorphisms admitting
sections, is exactly one. This was done by proving that a compact abelian
group is a quotient group of a free abelian topological group by a free
abelian topological group. The proof used Theorem 10 of [2] which
provides a condition under which a subgroup of a free topological group
on a compact set is a free topological group. (In general, such a subgroup
is a free group but may have the wrong topology to be a free topological
group.) We generalize Theorem 10 of [2] and thus conclude that the projective dimension of an abelian /rm-group is zero or one. In particular, the
projective dimension of a connected locally compact abelian group or a
compact abelian group is exactly one.
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2. Notation and preliminaries.
We assume familiarity with the notions
of free topological groups due to Markov [4] and Graev [2]. Given a
completely regular space X we denote by FGX (ZGX) the Graev free
(free abelian) topological group on X.
Recall that a fcffl-spaceis a Hausdorff topological space with compact
subsets Xn such that (i) X=\J%=,1 Xn; (ii) Xn+x^X„ for all n; (iii) a subset
A of A'is closed if and only if A r\Xn is compact for all n. (For information
on A:m-spaces see [5] and [13].) Whenever we say that a fc^-space has
decomposition
X={J Xn, we mean that the Xn have properties (i), (ii)

and (iii) above.
We will use the following properties of £w-spaces: the direct product of
two /cm-spaces is a /rm-space; a quotient space of a Arm-space is a fcm-space;
a closed subspace of a /cm-space is a A:ro-space; if a function/defined
on a
k„-space X= \J Xn is continuous on each Xn, then it is continuous on X;

if X=\\ Xn is a fc^-space then any compact subset F of A' is contained in
some^;
if X=\J Xn is a A;M-spaceand Yx, Y2,- ■-is an increasing sequence
of compact subsets of X such that each Xn is contained in some Ym then
X also has decomposition X=[J Yn. By way of examples, we note that
every connected locally compact group and every compact space is a kmspace.
In [11] Nummela introduced a concept of projective dimension for
abelian topological groups. For our purposes it suffices to note that an
abelian topological group is of projective dimension one if and only if it
is not projective and it is a quotient group of a free abelian topological
group by a free abelian topological group.
If G is a group and A' is a subset of G, we denote by Gn(X) the set of
words in G of length not exceeding n with respect to X. We note that if
G is a Markov or Graev free topological group on the Hausdorff space
X then Gn(X) is closed in G for all n. (This fact is stated in [1] and can be
proved in a similar manner to Theorem 2.2 of [ó].)
We will denote the identity of any group by e.
If X is a topological group, FGX is the Graev free topological group
on X and x and y are in X, then we denote by x ■y the product in FGX of
x and y. We denote by xy the product of x and y in X.

3. Results.
Theorem 1. Let X be a km-space and G a Hausdorff group which is
generated algebraically by X and is such that the topology of G is the finest
group topology which induces the same topology on X. Then G is a km-space
and a subset A of G is closed if and only if A C\G„(X) is closed in Gn(X),for

alln.
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Proof.
Let X=\J Xn be a decomposition
of the rc^-space X into
compact sets, so that G=\J X", where the sets Xn = Gn(X„)are compact.
We must show this is a decomposition of G as a rc^-space.
Let t be the given topology on G and define a topology r on G as
follows: A is a closed set in r if and only if A ni" is compact, for all n.
Clearly r is a Hausdorff topology and t'^t.
Indeed (G, t') is a rcm-space.
We wish to show that (G, t') is a topological group. To do this we must

show that the map/:(G,

t')x(G,

t')—>-(G,t') given by f(x, y)=xy~l

is

continuous.
Since (G, r') is a rcm-space, (G, t') x (G, t') is also a rcm-space. Therefore,
to show that/is continuous we only have to show that/is continuous on
all compact subsets of (G, r')x(G,
t').
Let ZCbe a compact subset of (G, t') x (G, t'). Then A"ç Kx x Kx, where
Kx is a compact subset of (G, V). Since (G, t') is a Ac^-space with decomposition G=\J Xn, we see that Kx^Xn,
for some n. Thus /(/v)ç
f(Kx x Kx)çf(Xn x Xn)ç X2n. Noting that K is compact and r 2 t, we see
that K has the same induced topology as a subset of (G, t') x (G, t') as it
has as a subset of (G, r)x(G, t). Similarly X2n has the same induced
topology as a subset of (G, t') as it has a subset of (G, t). Thus, since
(G, t) is a topological group, f:K-^-X2n is continuous. So/is continuous
on all compact subsets of (G, t')x(G, t'). Hence (G, t') is a topological
group.
Now a subset A of A' is closed in the topology induced on X from
(G, r') if and only if A=A'C\X where A'r\Xn is compact for every n.
Since Xn^X",
A'C\Xn compact implies ÁC\Xn is compact for every n.
But Xn<^X, so A' r\X„ = A' r\XC\Xn = Ar\Xn is compact, for each n. Now
since Xc:(G, t) is a /cm-space, /I is closed in the topology induced on X
from (G, t). Noting that t'^t
we then see that (G, t) and (G, t') induce
the same topology on X. However, by hypothesis, r is the finest group
topology on G inducing the given topology on X and t'^t.
Hence t' = t.
Thus G is a /c^-space and A is closed in G if and only if A OA"' is compact,

for all n.
Now let A be a subset of G such that A riG„(X) is closed in G„(A'), for
all n. Noting that I"çC„(I),
we have that A C\Xn is compact, for all n.
Thus A is closed in G. The proof is complete.
Remark.
We note that the sets G„(X) (or even X itself) need not be
closed subsets of G. For example, if G is the additive group of reals and
X—(— 1, 1), then Gn(X) = (—n, n) which is not closed even though
Theorem 1 clearly applies.
Corollary
1. Let X be a km-space and G one of the following: (i) a
Markov free topological group on X; (ii) a Markov free abelian topological
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group on X; (iii) a Graev free topological group on X; (iv) a Graev free
abelian topological group on X. Then G is a kl0-space and a subset A of G is

closed if and only if A nGn(X) is closed in Gn(X),for all n.
Theorem 2. Let X= (J Xn be a decomposition of a kw-space X into
compact sets. Let G be a Hausdorff group generated algebraically by X and
let Xn = Gn(Xn). If G has the property that a subset A of G is closed in G if
and only if A C\Xn is compact for all n, then the topology of G is the finest
group topology which induces the given topology on X.

Proof.
Let t be the given topology on G and t'^t
the finest group
topology inducing the given topology on X. By the proof of Theorem 1,
A <=G is closed in (G, t') if and only if each A C\Xn is compact. But t and
t' induce the same topology on X, hence on Xn and hence also on X".

Thus t' = t as desired.
Theorem 3. Let X= \J X„ be a kw-space. Let F<= FGX be a subset such
that Y—{e} freely generates G( Y), 'he subgroup of FGX generated by Y.
Suppose Yx, Y2, ■• • is a sequence of compact subsets of Y such that Y=
(J Y„ is a k^-decomposition of Y inducing the same topology on Y that Y
inherits

as a subset of FGX. Put Xn = Gn(Xn) and

Yn = Gn( Yn). If for each

natural number n there is an m such that G( F)nA'nÇ Ym, then G( Y) is the
Graev free topological group on Y and both G (Y) and Y are closed subsets

of FGX.
Proof.
It follows from the proof of Theorem 1 that, to prove G(Y) is
closed in FGX, we only have to show that G( Y) C\Xn is compact for each n.
Now G( Y) nX" = G( Y) nX" O Ym= YmnX", and hence is compact. Thus

G( Y) is closed in FGX. Similarly Y is closed in FGX.
Using Theorem 2, to prove G( Y) is the Graev free topological group on
Y, it suffices to show that a subset A ofG( Y) is closed if A C\ Yn is compact
for all n. Consider A ni", for any n. There exists an m such that G( Y)C\

Xnçz YmandhenceAnX"

= AnX"nG(Y)

= AnXnnYm

= (Ar)Y'")r^X".

Since both A n Y"1 and Xn are compact, Ar\Xn is compact,
Thus A is a closed subset of FGX and the proof is complete.

for all n.

Corollary
2 [2, Theorem 10]. Let X be a compact Hausdorff space
and Y a compact subset of FGX which freely generates G( Y). If for each
n there is an m such that G( Y)(~\G„(X) c Gm( Y), then G( Y) is the Graev
free topological group on Y and it is closed in FGX.

Proof.
Apply Theorem 3 with Xn = X and Yn= Y for all n. We now
generalize Proposition 1.6 of [11].
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Theorem 4. Let the Hausdorff group X be a ka-space. Let y>:FGX—>X
be the canonical quotient morphism. Then the kernel K of y is a Graev free
topological group.

Proof.
Since X is both a topological group and a rc,„-space there exists
a sequence {X„} of compact sets such that (i) X= (J«=i ^n» 00 Xn^Xn+x,
for all n; (iii) if x e Xn and y e Xm then xy e Xn+m; (iv) x e Xn implies
the inverse (in X) of x is in Xn ; (v) a subset ^ of A"is closed if and only if

A C\Xn is compact, for all n.
Define a map </>
: X x X—>FGXby <f>(x,y)=x ■y ■(xy)~l where xeX,
y e X, xy e X and (xy)'1 is the inverse in FGA' of xy. Define B=<f>(Xx X)
and Bn=<f>(Xnx Xn). Then each B„ is compact and B= (J "=1 Z?„.It follows
from Hall ([3, pp. 94-98]; see also [9, 1.3-1.6]) that K is freely generated
by B-{e}.

Put Bn = Gn(Bn) and Xn=Gn(Xn).

We now prove

(*).

For each n there is an m such that

(*)

inrç

Bm.

Let A:eK, so rC«JCÎ*• • • xjr, where x, e Ar„ and e,= ± 1, i=l, • ■■ , n.
(Note xj^ denotes the inverse in FGA' of xt.) It is readily verified that

k = bx • • • b,„ where

b, = (*r ■• ■xft?) • (Xjr ■(x? • • • x?y-\

j> i

and bx=xx1 • (xi1)-1. Here all operations inside parentheses are in X and
all operations outside parentheses (inverting the third term and inverting
Xj in the second term if e3= — 1) are in FGA". [Recall that (xl1 ■■■xf) is the
identity element.] We now observe that if £,= +1, b¡ = <}>(x{1
• • • XjL£, xf),
while if Ej= — 1, bj=((f>(x\l ■■■x'*, x,))-1 the inverse being taken in FGA".
We now note using the properties (iii) and (iv) of the sets Xn that, since
each x( e Xn, each b¡ is a word of three letters each of which is in (at
worst)

Xnz and

thus è, e fi„¡. But then

k e Gn(BnA<^Bn*,

as desired,

proving (*).
Our next step is to show that B is closed in FGA". Now BnX"^
Bn(KnXn)^Br\Bm
= Bm. Thus BnXn = Bmr\Xn which is clearly
compact. Hence B is closed in FGA". Therefore B is a /c^-space with decomposition B=\J (ßnjf").
Now for each n, Br\Xn<=-Bm, for some m;
conversely each Bm, being compact, is contained in some Br\Xk. Thus the
decomposition B= \J Bn induces the same topology on B as ß=(J (BC\Xn),
which induces the subspace topology on B^FGX.
Since we have now checked each hypothesis of Theorem 3, K is the
Graev free topological group on B.
Corollary
3. Let the Hausdorff abelian group X be a ka-space Let
ZGX be the Graev free abelian topological group on X andx¥:ZGX^>-X the
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canonical quotient morphism.
topological group.

Then the kernel K ofx¥ is a Graev free abelian

Remark.
We note that by Remark 2 of [7], Theorem 3 remains true
if "Graev" is replaced throughout by "Markov".
Corollary
4. Let the Hausdorff abelian group X be a k^-space. Then
the projective dimension of X is either zero or one. In particular, the projective dimension of a connected locally compact abelian group or a compact
abelian group is one.
Proof.
This result follows immediately from Corollary 3 and the
fact (Proposition 2.1 of [11]) that no locally compact abelian group is
projective unless it is a discrete free abelian group.

References
1. A. V. Arhangel'skii,

Mappings related to topological groups,

Dokl. Akad. Nauk

SSSR181 (1968), 1303-1306=Soviet Math. Dokl. 9 (1968), 1011-1015. MR 38 #2237.
2. M. I. Graev, Free topological groups, Izv. Akad. Nauk SSSR Ser. Mat. 12 (1948),
279-324; English transi., Amer. Math. Soc. Transi. (1) 8 (1962), 305-364. MR 10,
11.
3. M. Hall, Jr., The theory of groups, Macmillan, New York, 1959. MR 21 #1996.
4. A. A. Markov, On free topological groups, Izv. Akad. Nauk SSSR Ser. Mat. 9
(1945), 3-64; English transi., Amer. Math. Soc. Transi. (1) 8 (1962), 195-272. MR 7, 7.
5. E. Michael,

Bi-quotient

maps and Cartesian products

of quotient maps, Ann. Inst.

Fourier (Grenoble) 18 (1968), fase. 2, 287-302; vii (1969). MR 39 #6277.
6. Sidney A. Morris. Varieties of topological groups. II, Bull. Austral. Math. Soc. 2

(1970), 1-13. MR 41 #3655b.
7. -,

Varieties of topological groups and left adjoint functors,

J. Austral.

Math.

Soc. (to appear).
8. -,
9. -,

Local compactness and free products of topological groups. II (submitted).
Free products of connected locally compact groups are not sin groups.

(submitted).
10. -,
Free products of Lie groups (submitted).
11. Eric C. Nummela, The projective dimension of a compact abelian group,

Proc.

Amer. Math. Soc. 38 (1973), 452-456.
12. Edward

T. Ordman,

Free products

of topological groups

which are ka-spaces,

Trans. Amer. Math. Soc. (to appear).
13. N. E. Steenrod,

A convenient category of topological spaces, Michigan

Math. J.

14 (1967), 133-152. MR 35 #970.
Department of Mathematics, University of Kentucky, Lexington,
40506 (Current address of John Mack and Edward T. Ordman)
Department of Mathematics,
University of New South Wales,
N.S.W. 2033, Australia
(Current address of Sidney A. Morris)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

Kentucky
Kensington,

